The combination of complex scaling with the (t; t 0 ) representation of the time dependent Schr odinger equation J. Chem. Phys. 99, 4590 (1993)] enables the design of the graded-index multimode ber to control the distribution of power among the modes. The di erential modal losses are associated with the imaginary parts of the complex eigenvalues of a complex scaled Floquet type operator. Although the illustrative numerical calculations were given here for the case where the index of refraction is periodically varied along the ber axis, the method is applicable, however, for a more general coordinate dependent index of refraction case.
I. Introduction
The electromagnetic eld, E(x; y; z) = exp(ik 0 z) (x; y; z), in the ber is obtained as a solution of the paraxial wave equation (1) after neglecting the term @ 2 @z 2 in the Helmholtz equation compared to the term k 0 @ @z , @ 2 @x 2 + @ 2 @y 2 + k 2 0 n 2 (x; y; z) n 2 0 ? 1 (x; y; z) = ?2ik 0 @ (x; y; z) @z (1) where k 0 is the wave number in the cladding, n 0 is the cladding index and n(x; y; z) is the index of refraction. Here we assumed that n varies slowly with z (de ned as the ber axis), and the ratio between the spatial variation of n(x; y; z) and the cladding index of refraction (de ned later as n 0 ) is much smaller than one. Under this assumption the second derivative of the eld with respect to z is ignored in the Laplacian. The equivalence of Eq. (1) to the time dependent Schr odinger equation is well known and is immediately seen when we de ne the \time", \potential" and the \Hamiltonian" analogues as, t z; V (x; y; z) = ? k 0 2 n 2 (x; y; z) n 2 0 ? 1 ;Ĥ = ? 1 2k 0 r 2 x; y + V (x; y; z) (2) such thatĤ = i @ @z (3) In the case where the index of refraction is z-independent (i.e. time-independent potential in quantum mechanics) the solution of Eq. (3) is simply given by (x; y; z) = e ?iĤ(x;y)(z?z 0 ) (x; y; z 0 ) (4) where (x; y; z 0 ) is the initial given eld at z = z 0 (can be the entrance to the optical ber).
In such a case all computational strategies which were developed for time-independent Hamiltonians can be used to calculate the equivalent to the time-evolution operator (i.e. exp(?iĤz)). Probably the most powerful propagation method is the one developed by Koslo and his co-workers (2?5) .
Initially in the development (6;7) , the crude methods of time propagation were unbalanced with respect to the very high quality of the spatial representation. It was the introduction of the Chebychev polynomial expansion of the evolution operator (2) which rst created a balanced method where both the spatial representation and the evolution operator possessed exponential convergence. The method gains its optimal e ciency for very high order polynomial expansions. Polynomial orders of a few thousand terms are not uncommon in current applications. For encounters described by a stationary Hamiltonian the extreme accuracy and stability of the Chebychev expansion have been found to be superior to other propagation techniques (3) .
Another advantage is the fact that initial state (x; y; z 0 ) can be analytically propagated to z = 1 by taking use of the time-independent scattering theory. Using the Lippman-Swinger equation one gets that (x; y; z = 1) = (1 + G( )V (x; y)) (x; y; z 0 ) (5) where
and is the analogous to the energy (eigenvalue ofĤ) in quantum mechanics. The transition probability amplitude from the initial state (x; y; z 0 ) to a nal trapped mode which is eigenfunction of H(x; y) is obtained by calculating the overlapping integral between and the nal state.
For explicitly z-dependent index of refraction (equivalent to time-dependent problems in quantum mechanics) the construction of the propagator is more involved due to the problem of z (i.e. time) ordering. The customary solution to the problem is to segment the propagation into small intervals for which the z (i.e. time) variation of the \Hamiltonian" is small. The short \time" intervals mean that the Chebychev expansion is far from optimal. Therefore new methods for propagation of explicitly \time" dependent problems have been developed. These methods have been based on short iterative polynomial expansions and the use of the Magnus series to overcome the time ordering problem (4;5; 8) .
Within the framework of the second order Magnus expansion (x; y; z) is given by (x; y; z) ' exp ? i This method has been found to be satisfactory but could not reach the high degree of accuracy and e ciency of the Chebychev expansion. In particular that any segmented propagation scheme is bound to accumulate errors.
Another commonly used method is the split-operator developed by Feit, Fleck and Steiger (7) which has been applied recently by Feit and Fleck (9) to optical bers. This method is slowly converged when the index of refraction is strongly z-dependent (i.e.V is the time-dependent operator in quantum mechanics).
A special case which has been studied extensively in the literature is when the Hamiltonian is time-periodic. In such a case the Floquet theory can be used to calculate the quasi-energy solutions. Let us carry out the Floquet analysis for the propagation of light beam in an optical ber.
In optical bers it implies that when the index of refraction is periodic in z, n(x; y; z) = n(x; y; z + a) (8) where a is the \length-period", then the quasi-stationary solutions of Eq. (3) are given by (x; y; z) = e ?i z (x; y; z) (9) where is z?periodic 
The \quasi-energy" analogue, , are the continuous eigenvalues of the Floquet-Bloch operator ?i @ @z + H (x;ŷ;ẑ) (x; y; z) = (x; y; z) (11) or, H H H(x; y)' = ' (12) where the (n 0 ; n) (6)), Adams Moulton predictor-corrector method or the split operator method. In the second step of the calculations, the analogous to the time evolution matrix, u, which was calculated in the rst step of the calculations, was diagonalized. The eigenvalues of u are, exp(?i a), and the corresponding eigenvectors provide (x; y; z)
which is de ned in Eqs. (9{10) at z = a. Note, however, that so far the Floquet method has not been used to propagate a light beam in optical bers. Its use as described for example by Wyatt and others has the advantage of limiting the propagation \time" to the rst \optical cycle" (i.e. from z = 0 to z = a in optical bers with z?periodic index of refraction) but, however, still use one of the methods which were developed for general time-dependent Hamiltonians (in Ref. (10) for example a fourth-order Runge-Kutta-Gill integrator was used).
All these methods which were mentioned above and other computational methods which were developed for light beam propagated through inhomogeneous media (see for example Refs. (11, 12) ) are much more slowly converged than the propagation methods which were developed for time-independent Hamiltonians and brie y described above. Beyond the lack of powerful propagators when the index of refraction is z?dependent (unlike the situation when the index of refraction does not vary with z) we do not have in these cases a time-independent scattering theory that can provide the eld (x; y; z) at z = 1.
We shall show here that by using the (t, t') method recently introduced by Peskin and Moiseyev (13) the propagation of light beam in an optical ber in which the index of refraction is z?dependent (equivalent to time-dependent potential) can be carried out without the need to introduce the z?ordering operator (equivalent to time-ordering operator) or the coupled-mode formalism (13;16; 17) (which becomes complicated when there are several modes). Therefore it enables one to calculate the propagation of a light beam through an inhomogeneous medium by using computational methods that were originally developed for cases where the index of refraction is z?independent.
The (t, t') method enables one to use global polynomial propagators for time-dependent Hamiltonians (17) . In an illustrative numerical example studied recently by Peskin, Koslo and Moiseyev (17) the (t, t') method combined with a global polynomial propagator provided results (within a given computational e ort) which were found to be by six orders of magnitude (!) more accurate than the results which were obtained by the best available known numerical methods developed for time-dependent Hamiltonians (17) . This is the motivation of introducing the powerful computational method to a similar problem where a light beam is propagated in an optical ber in which the index of refraction varies along the ber axis.
All computational methods which were discussed above enable one to calculate the di erential modal losses (i.e. the disappearing of a mode in the optical ber as the light beam is propagated along the ber axis, z, due to the z?dependence of the index of refraction) only by carrying out \time" (z in our case) simulation. One can avoid these types of \time"-dependent simulation by solving Eq. (12) (which looks like the time-independent Schr odinger equation) with \radiative" boundary condition (this point will be clari ed later) to obtain complex eigenvalues whose imaginary part provides the di erential modal losses. Complex scaling, regardless of the computational method which is used to construct the \time-evolution" operator, u, enables one to calculate the complex eigenvalues, , of Eq. (12) and thereby, to determine the di erential modal losses. That is, the distance of propagation within a given trapped mode will be lost in the optical ber. To the best of our knowledge the use of complex scaling to determine the di erential modal losses and to design modal irradiance patterns in an optical ber is rst introduced here.
In Section II the complex scaling procedure by which one can calculate the di erential modal losses is brie y given. In Section III the propagation of a light beam in optical ber by the (t, t') method is described. In Section IV, as an illustrative numerical example, the di erential modal losses and density plots of the irradiance of three modes as a square pro le beam propagated through an optical ber where the index of refraction is z?dependent are shown. In Section V we conclude.
II. Di erential modal losses in multimode optical ber by the complex coordinate method
For the sake of clarity let us rst consider the case where the index of refraction does not vary along the ber axis and there are nite numbers of trapped modes in the ber. In this case, the stationary solutions of Eq. (3) are given by (x; y; z) = e ?i z (x; y) (14) where ? 
A similar behavior is obtained when y ! 1 while x is hold xed. These types of solutions describe the non-con ned electromagnetic energy in the form of scattered light (so called \radiation modes").
Now, let us consider the case where the index of refraction is varied along the ber axis. Again, for the sake of simplicity, let us assume that the index of refraction is periodic in z (see Eq. (8)). In such a case quasi-stationary solutions (see Eq. (9)) are obtained by solving the eigenvalue problem shown in Eq. (11) . Exactly as in the previous case, only real eigenvalues are obtained when the eigenfunctions are required, as usual, to be in the Hilbert space. However, unlike the rst case when the index of refraction does not depend on z, now only one type of solutions are obtained. All of them are in the continuous part of the spectrum (i.e. no discrete values of ) and all eigenfunctions behave as shown in Eq. (17) and are associated with the non-con ned light beams. However, by plotting jS (y = 1)j 2 or jS (x = 1)j 2 as function of , sharp peaks at discrete values of = 1; 2; : : : may be obtained. These sharp peaks are associated with the resonance phenomena. Modes with the wave vector, , are temporarily trapped in the optical ber. These \resonance" modes will be lost after a given distance of propagation which is associated with the width of the peaks described below.
A resonance phenomenon described above can be associated with a single solution of Eq. (11) when \radiative" boundary conditions are imposed on the eigenfunction (x; y). The \radiative" boundary condition implies that, S (y = 1) = 1 and S (x = 1) = 1 (18) for complex eigenvalues and = res ; = 1; 2; : : : res j res j e i' res (19) Since res gets a complex value (see Eq. (14)) the resonance solution of Eq. (13) (23) These resonance solutions describe the con ned modes which have a nite lifetime in the ber and as the modes propagate the amplitude of the eld decay in the z?direction (i.e. a \resonance" mode \disappears" from the ber). The decay length L (analogue of decay lifetime in QM) can be de ned as the inverse of ?2Im( res ) (the analogue of the Heisenberg uncertainty principle),
Since these metastable modes decay exponentially in z one may assume that the resonance optical mode is getting out of the ber when z >> L (as for radioactive isotopes in QM).
Within the framework of the complex coordinate method Eq. (11) is solved when the coordinates x and y are rotated into the complex coordinate plane. That is, x = x 0 e i ?1 x 0 1 y = y 0 e i ?1 y 0 1 (25) and therefore Eq. 
where can be used for calculating the ?independent complex resonance eigenvalues, res , and from Eq. (24) to determine the di erential modal losses due to the z?dependent of the index of refraction. The complex coordinate method is based on the fundamental work of Balslev{Combes (19) and Simon (18) . For reviews see Refs. (20{23) and for the application to time-dependent problems see Refs. (20, 24) and references therein.
III. Solution of the paraxial wave equation by the (t, t 0 ) method.
From the (t, t 0 ) formalism (13) (in the present context { the (z, z 0 ) formalism) the paraxial wave equation which is given in Eq. 
where E(x; y; z = 0) = (x; y; z = 0) is the eld in the entrance to the ber at z = 0.
SinceĤ is z?independent the electric eld for a generalized index of refraction is given by E(x; y; z) = e ik 0 z e ?iĤ(x;y; z (12)) is obtained. The general representation given in Eq. (35 or 32) enables one to use the powerful global polynomial propagators which were developed for time-independent Hamiltonians (see Ref. (17) and the discussion given in Section I). Note, however, that even when the (t, t') propagator is reduced to the Floquet time evolution operator (when the Hamiltonian is time-periodic) the (t, t') representation enables one to calculate the time evolution operator by a minimal computational e ort (see illustrative numerical examples in Refs. (13), (16) Consequently it is su cient to use Fourier basis to construct the Floquet Hamiltonian matrix, even for very high intensity lasers or in our case when the index of refraction is strongly varied along the ber axis z.
By inserting Eq. (44) 
In Ref. (13) it has been shown that the above-threshold-ionization spectra (i.e. the probability to ionize an atom which is exposed to strong laser eld) were correctly obtained by using three Fourier basis functions even for high intensity elds or even when direct diagonalization of the Floquet Hamiltonian matrix require many (more than ten) Fourier basis.
IV. Illustrative numerical example
Let us consider the special case where (9) n(x; y; z) = n(r; z) (46) and r = p x 2 + y 2 is the radius of the ber. In cylindrical geometry, (r; ; z) = r ? 1 2 v (r; z)e i ; = 0; 1; 2; : : : 
The parameter = 0 is the index di erence which \measures" the relative di erence between the index of refraction of the core (i.e. r < r 0 ) and of the cladding (i.e n = n 0 when r r 0 ). In our study we choose a case where the index of refraction is periodic in z resulting from the fact that is taken as, 
when, (z) = exp(?i z) and (r; z) = (r; z + a)
From now on we shall omit the index from the quasi-stationary solutions (the analogous to quasi-energy in the Floquet solution of the time-dependent Schr odinger equation with time-periodic Hamiltonian). Using the (t; t 0 ) method where t is analogous to z and t 0 to z 0 one can get that the quasi-stationary solutions of Eq. (48) (see also Eqs. (49, 50, 53)) are associated with the \z?evolution" (analogous to the t?evolution) operatorÛ(z 0), U(a 0) (r; 0) = (a) (r; a) 2) \scattering states" which are associated with complex values of which are dependent. These solutions describe the non-con ned electromagnetic energy in the form of the scattered light. Following the Balslev-Combes theorem (18) the complex in such a case are given by, n = e ?2i + 2 n a ; n = ?1; : : : ; ?1; 0; 1; : : : 1 (60) where (2 n=a) are the analogues of the quasi-energy thresholds in quantum mechanics (QM) and 0 1. Let us consider a special case where one wishes to design a ber such that the single trapped mode will get out of the ber at z > z 0 . As discussed here, one should make at z ' z 0 the index of refraction to be periodic as de ned in Eq. (53). The values of the \periodic distance" a (analogue to the periodic time T when the time dependent Schr odinger equation is solved) and of f 0 can be chosen to provide a speci c value of decay-length L (de ned in Eq. (24)). In Fig. 3 we provide a contour plot which enables to design such a ber. Let us now design a 3-mode optical ber such that a single trapped mode will survive in the ber while the 2 other trapped modes will get out from the ber when z > z 0 . In Fig. 4 we see that for a beam with the wave length = 500nm (r 0 = 3:5 m) two trapped modes decay fast along the ber axis as the parameter f 0 is increased while one mode remains stable. (The refraction index parameters are given in Fig. 4) . For f 0 = 0:5 one metastable optical mode is associated with the decay length L 3 = 48 m, the second decay optical mode with L 2 = 229 m, and the third stable mode with L 1 = 8292 m. When the eld strength parameter f 0 is reduced to the value of 0.3, then L 1 = 715510 m, L 2 = 2988 and L 3 = 138 m. Let us assume that a beam with the simple square pro le, E(r > r 0 ; z = z 0 ) = 0 and E(r < r 0 ; z = z 0 ) = r ?1 0 , is propagated along the ber. The three trapped modes (shown in Fig. 4 for f 0 = 0) are mixed at z = z 0 , as one can see from the density plots of the irradiance of the three modes given in Fig. 5a . From z = z 0 to z = z 0 + 100a the index of refraction is made to be z?periodic (numerical QM studies show that about 50 periods are su cient for using the Floquet-Bloch theorem as we use here in solving the paraxial wave equation with a periodic boundary condition for the index of refraction). In Fig. 5b-c we show how the eld is varied along the ber and at z = z 0 + 8a only the nodeless structure trapped mode (the ground bound state in QM) remains. The results presented in Figs. 5 are in a remarkable agreement with the results obtained from simulation calculations where a square pro le beam propagated through the optical ber (25) .
V. Concluding remarks
The combination of complex scaling and the (t, t') method as rst applied here to multimode optical bers enables one to determine the di erential modal losses which provide the length in the optical ber within the propagated light beam get out of the ber. The numerical advantage of the proposed method is the association of the metastable (i.e. resonance) mode with a single quasi-stationary solution of the paraxial wave equation which avoids the need to carry out simulation calculations by propagating the initial beam along the ber axis. As an illustrative numerical example we choose to study a special case where the index of refraction is z?periodic and consequently the three con ned modes have nite lifetime inside the ber.
The two parameters which control the rate of decay of the trapped modes inside the ber (i.e. the di erential modal losses) are f 0 and a. f 0 is a parameter that determines the maximum variation of the index of refraction along the ber axis (i.e. variation of n(r; z) as z is varied while r is held xed), a is the equivalent to time-periodicity in quantum optics and determines the period of the index of refraction as z is varied. The contour plot (Fig. 3 ) which provides the same rate of decay of a given trapped mode inside the ber exhibits an hyperbolic type curve in the f 0 =a parametric plane. On the basis of complex scaling calculations, we choose f 0 = 0:3 and a = 57:1 m such that the zero nodal mode decay very slowly in the ber whereas the two nodal structure optical mode decay very fast and \disappear" in the optical ber after 8 57:1 m. The paraxial wave equation was solved by the (t; t 0 ) method. The results presented in Fig. 5 are in a remarkable agreement with the propagation of the initial square pro le light beam obtained in simulation calculations (25) . As one can see from Fig. 5 the power distribution between the two con ned modes is varied with z. A proper design of the index of refraction as function of r and z enables one to control the power distribution among the di erent trapped modes.
We believe that the method presented here can be used to design a transmission of trapped optical modes from one ber to another. However, the use of our method for application purposes is out of the scope of the present contribution. 
